Abstract: We numerically investigate the dynamics of Kerr comb generation in a calcium fluoride whispering gallery mode (WGM) microcavity taking thermal effects into account. Soliton pulse generation is investigated in the presence of thermooptic (TO) and thermal expansion (TE) effects and particularly when the TO effect is negative. We found that, with optimized cavity parameters, self-induced cavity resonance shifts resulting from a negative TO effect allow the system to generate a soliton pulse with no wavelength scanning or dynamic power optimization, which are usually needed to achieve a soliton pulse with silica and other WGM microcavity systems. A negative TO effect automatically tunes the cavity resonance so that the cavity will achieve a soliton state. The competition between the TO and TE effects is also investigated in detail.
Introduction
Whispering gallery mode (WGM) optical microcavities are known to exhibit an ultrahigh quality factor ðQÞ and a small mode volume, thus allowing the system to employ efficient optical nonlinear effects [1] , [2] . One interesting emerging application is a Kerr comb, which is an optical frequency comb generated in a microcavity via cascaded four-wave mixing (FWM) pumped with a continuous-wave (CW) laser [3] - [6] . When the phases of the generated comb are locked inphase, the output forms temporal pulses. Namely, a single soliton pulse (or multiple pulses, depending on the condition) circulates in the cavity when the cavity parameters and the pumping conditions are optimized. There have been a number of theoretical studies, and it has been revealed that the detuning and power of the pump are important parameters in terms of controlling Kerr comb generation [7] - [11] , which is related to the bistable nature of the cavity system. In particular, a wavelength scan is a powerful way to obtain a soliton [7] . The practical challenge with regard to obtaining a soliton state is how to deal with the thermal effect, which significantly changes the resonance wavelength and modulates the detuning parameter [12] .
In this work, we undertake a numerical study of the influence of the thermal effects during soliton pulse generation via an optical Kerr comb. The developed model takes both thermo-optic (TO) and thermo-expansion (TE) effects into account, and they are not negligible in ultrahigh-Q cavity systems. The TE effect changes the cavity length and shifts the cavity resonance toward a longer wavelength. On the other hand, the sign of the TO coefficient is different for different materials. We describe simulations that we performed for a silica toroid microcavity [3] , [13] with a positive TO coefficient [14] and a CaF 2 crystalline microcavity [4] , [15] with a negative TO coefficient, and discuss self-wavelength locking for a CaF 2 cavity system.
Calculation Model: Combined Lugiato-Lefever and Thermal Rate Equations
A generalized Lugiato-Lefever (LL) equation is used to model Kerr comb generation in a WGM microcavity [16] , as shown in Fig. 1(a) . The intra-cavity field E is described as
where t R , , , , r , , , and S are the round-trip time, intrinsic cavity loss, coupling loss, detuning of the input wavelength, cavity radius, dispersion of the cavity, nonlinear coefficient, and the input driving power, respectively. The optical Kerr effect is taken into account in the 5th term in the right-hand-side of (1). An LL equation does not usually include any thermal effects such as TO and TE. These effects must be taken into account in order to understand the mode-locking procedure in actual microcavity systems, because thermal effects induce significant changes in the cavity resonant wavelength. To take these thermal effects into account, we model the TO and TE effects with rate equations. It should be noted that the TO effect occurs when the local temperature variation ðÁT 1 Þ in the optical mode volume region changes, while the thermal expansion effect depends on the global temperature change ðÁT 2 Þ [17]. These temperatures are described with the following rate equation: This equation describes the thermal property of the cavity mode when m ¼ 1, and the whole cavity volume when m ¼ 2. À m and m are the effective thermal relaxation and optical absorption rates for the optical mode volume and the entire cavity structure, respectively [17] . As a result of the temperature change, the resonant wavelength of the cavity changes, for example, as follows [12] , [17] :
where 0 , dn 0 =dT 1 , ", and n 0 are the resonant wavelength of a cold cavity, the TO coefficient, the TE coefficient, and the refractive index of the cavity, respectively. Before starting an iterative calculation, we calculated À m and m (m ¼ 1 and 2) for a CaF 2 WGM microcavity, with a 3-D thermal diffusion simulation (COMSOL Multiphysics) by using the finite-element method (FEM). It should be noted that we only consider m ¼ 1 for a SiO 2 toroid microcavity, since both the TO and TE effects are positive and both effects respond much more slowly than the Kerr effect [18] , [19] . (The modeling of m ¼ 2 in SiO 2 only exhibits a slight difference as regards the thermal decay À 2 ¼ 1:3 Â 10 5 compared to À 1 ¼ 8:5 Â 10 3 (it will exhibit double-exponential decay), which does not significantly affect the calculation, whereas it does for a CaF 2 WGM microcavity.)
We calculate the Kerr comb taking thermal effects into account. The algorithm is shown in Fig. 1(b) . First we calculate the intracavity field E by using (1) with the split-step Fourier method (SSFM). Next, we calculate the temperature change T 1 and T 2 by using (2). Finally, we obtain the resonant wavelength shift Á by using (3). Then we obtain the detuning and restart with (1) . With this model, we can fully simulate the Kerr and thermal effects.
We calculated the Kerr comb generation for two different cavities; a SiO 2 toroid microcavity where r ¼ 42 m and a CaF 2 crystalline microcavity [15] , where r ¼ 250 m. The dispersion was calculated with FEM analysis (COMSOL Multiphysics), as shown in Fig. 1 
(c) and (d).
Other parameters used for the calculation are summarized in Tables 1 and 2 . It should be noted that the À m and m are dependent on the structure and these values are calculated by using FEM. 
Calculation Result

Kerr Comb Generation Without Thermal Effects
First, we show a simulation result for Kerr comb generation without thermal effects. We calculate a silica toroid microcavity with an intrinsic Q factor Q int of 4:0 Â 10 7 , a coupling Q factor Q couple of 4:0 Â 10 7 , and an input power of 1 mW. Fig. 2 (a) shows the intracavity power when the input laser is scanned with an increasing wavelength. The scanning is simulated by changing the wavelength detuning between calculation steps. It has a different shape from that of the cold resonance as shown in Fig. 2(b) , due to the optical Kerr bistable nature of the nonlinear cavity system. Fig. 2(a) can be categorized in terms of three states: Turing pattern, unstable state, and soliton state. The corresponding temporal waveforms and spectra are shown in Fig. 2 (c)-(h). The transition and dynamics have been well studied by different groups and the results are in good agreement [9] , [10] , [21] . This result suggests that it is not very difficult to obtain a soliton state when we employ an input laser wavelength scanning method. However, this is not always the case in an actual system, as we discuss in the next section.
Kerr Comb Generation With Positive TO Coefficient (SiO 2 )
Next, we simulate a microcavity system where the thermal effect is present. The parameters of the SiO 2 toroid microcavity are the same, but here, we consider a positive TO effect (the cavity resonance shifts toward a longer wavelength). The thermal parameters are fitted from experimental measurements and FEM analysis as summarized in Table 2 . (m ¼ 2 is not considered, but the TE effect is effectively considered as a part of the TO coefficient.) Fig. 3 shows a simulation result for a laser scanning speed of 7.7 nm/s. The spectrum has a triangular shape, which is a signature of the optical bistability caused by the TO effect. Under this condition, we observe only two states of the Kerr comb, namely, the Turing pattern and the unstable state. When we further scan the input laser wavelength, the input gets out of the cavity resonance without exhibiting a clear soliton state. To investigate this phenomenon in detail, we track the intra-cavity power in Fig. 3(b) at the point where the input wavelength gets out of the cavity resonance. Now the transition is easier to understand. The intracavity power drops about 5 W, and a soliton state exists (but the sweet spot is very narrow). The power drop allows the cavity temperature to decrease, and the resonance wavelength of the cavity [shown as the red line in Fig. 3(b) ] shifts back toward a short wavelength due to thermal relaxation when the TO coefficient is positive. The same phenomenon has already been studied with a MgF 2 crystalline microcavity model, and it was shown that adjusting the scanning speed is critical in terms of allowing the system to achieve the thermal equilibrium needed to reach the soliton state [9] . However, a SiO 2 microcavity is more influenced by the thermal effect, and the optimization parameters are much more critical, because the light absorption is larger than with crystalline material. Therefore, additional control, such as dynamic control of the input laser power, is usually needed to generate a Kerr comb in a SiO 2 microcavity system [23] .
Kerr Comb Generation With Negative TO Coefficient (CaF 2 )
Laser Scanning Method
Next, we investigate the CaF 2 WGM microcavity shown in Fig. 1(d) . CaF 2 has a negative TO coefficient and it shifts the resonant wavelength in the opposite direction to the shift caused by the TE and Kerr effects. We found through experiment that there is a thermo-mechanical oscillation due to the competition between TO and TE effects in a small sized cavity [24] . Hence we employ a relatively large cavity with a radius of r ¼ 250 m. We use parameters of Q int ¼ 2:0 Â 10 7 , Q couple ¼ 2:0 Â 10 7 , and an input power of 70 mW. Other parameters are described in Table 2 . While taking the direction of the wavelength shift into consideration, we scanned the laser wavelength in the long to short wavelength direction. The results are shown in Fig. 4(a) . We found that the soliton state of a Kerr comb was obtained immediately after we started scanning, as shown in Fig. 4(b) and (c). To investigate the situation, a detailed time trace of the intracavity power [regime circled in red in Fig. 4(a) ] is shown in Fig. 4(e) . When the power reaches the threshold, the intracavity power increases rapidly because the Kerr effect causes a rapid red shift of the resonance wavelength. The shift can be estimated by the nonlinear term in (1) and optical frequency. At this moment, the detuning is slightly blue detuned from the resonant wavelength. Immediately after that, the cavity is heated due to the absorption of light, and this initiates a gradual blue shift of the resonance wavelength. This blue shift plays the same role as the laser scanning toward a longer wavelength simulated in Fig. 3(a) ; hence, the cavity can reach the soliton state. This mechanism is illustrated in Fig. 4(d) . We would like to emphasize that with this mechanism we do not need to optimize the speed of the laser scan to obtain the soliton state; the scan speed only needs to be sufficiently slow. After realizing the pulsed output as shown in Fig. 4(b) , we can stop the laser scan. This demonstration is shown in Fig. 4(f) and (g) . The cavity reaches thermal equilibrium, and the Kerr comb remains in the soliton state. This finding may help us to achieve the practical generation of a soliton state in a Kerr comb using crystalline materials with a negative TO coefficient. Fig. 4(a) ]. (f) Time trace of the intracavity power (blue line) and the detuning of the input from cold cavity resonance (black line) when the detuning scan is stopped after the transition to the soliton state. (g) Resonance shift caused by the TO effect (blue line), thermal expansion (TE) effect (red line), and the total thermal shift they induce (green line) in the same simulation as in Fig. 4(f) .
Achieving Soliton State Without Laser Scan in CaF 2 WGM Microcavity
Next, we investigate a method for obtaining a soliton state without a laser scan. Fig. 5(a) shows the intracavity power (blue line) when we input laser light that is 0.05 pm red-detuned from the cold cavity resonance. The wavelength is fixed and is not changed after the input (black line). The initial detuning is close to the resonance and the power increases quickly. As a result, the cavity resonance shifts to a long wavelength due to the Kerr effect, and the input is bluedetuned. In this process, the cavity reaches an unstable state as shown in Fig. 5(c) and (d) . Then, the cavity starts to heat up and the resonance gradually shifts to a shorter wavelength as a result of a negative TO effect. In consequence, the cavity resonance approaches closer to the input laser wavelength, and the system exhibits a soliton state, as shown in Fig. 5(e) and (f) . Then, the cavity reaches thermal equilibrium after the system enters a four-pulse soliton state as shown in Fig. 5(g) and (h) . The number of solitons in the final state is different when we repeat the simulation even with the same parameters (except for the noise) because the cavity passes through a chaotic (unstable) state [9] , [21] . However, through numerical calculations, we found that there is a tendency for there to be a larger number of solitons when the initial detuning is small. This is related to the intracavity power. Since the intracavity power is large for smaller detuning, the pulse exhibits a higher peak power. To satisfy the soliton condition for a given anomalous dispersion, the number of pulses in a cavity must be larger. Indeed, we obtain different numbers of solitons as the final state when we change the initial detuning as summarized in Fig. 5(i) .
Finally, we discuss the effect of the TE. We study the structure shown in the inset of Fig. 6(a) , which is a 250-m-radius CaF 2 crystalline microcavity, with À 1 ¼ 2:81 Â 10 3 Hz, À 2 ¼ 3:06 Â 10 2 Hz, 1 ¼ 1:48 K/J, and 2 ¼ 8:47 Â 10 À2 K/J. These parameters were calculated with FEM. The input power is 50 mW and the other parameters are the same as those for the simulation shown in Fig. 4 . In this cavity, the TE effect is dominant, and it shifts the cavity resonance toward a longer wavelength even when the material is CaF 2 . TE effect is dominant when the radius of the cavity is r G 350 m for this structure [24] . Therefore, we perform a laser scan from a shorter to a longer wavelength to generate a soliton in a Kerr comb. The calculated intracavity power and the input detuning from cold cavity resonance are shown in Fig. 6(a) . It has been reported that a microcavity exhibits thermo-mechanical oscillations and instability because of competition between the TO and TE effects [17] , [22] . In our model, we even consider the Kerr effect, which may also contribute to the oscillations. However, as long as the input wavelength is red-detuned, the cavity does not oscillate at low power; hence, we can generate a stable soliton state with the same method as previously discussed for use with a SiO 2 toroid microcavity. After we stop scanning the input wavelength in a soliton state, the system reaches thermal equilibrium and remains in the soliton state [see Fig. 6(b) ]. The temporal waveform and the optical spectrum in the cavity in the final state are shown in Fig. 6(c) and (d) .
This result shows that for a CaF 2 WGM microcavity, the scanning needed to achieve the soliton state is not always in one direction, but it is dependent on the structure of the cavity system. Hence, we need to consider this experimentally.
Conclusion
In summary, we developed a model that can simulate thermal effects (both the TO and TE effects) with a combination of SSFM calculations based on the LL equation. We investigated the influence of the thermal effects on Kerr comb generation in SiO 2 toroid and CaF 2 WGM microcavities. Although the soliton state is difficult to achieve in a SiO 2 toroid microcavity, we found that it is obtained automatically without a laser scan in an optimized CaF 2 WGM microcavity structure due to the Kerr effect and the negative TO effect. In addition, we studied the effect of the structural dimension of a CaF 2 WGM microcavity and found that scanning toward a longer wavelength is required when the cavity has a structure where the TE effect is dominant.
These results will help us to understand the thermal effect in detail and will provide an index for the proper structural design of a CaF 2 microcavity, which is needed for soliton pulse generation. Fig. 6(a) .
